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Abstract. Inthiswork atheoretical analysisis presented for wave propagation in athin-walled prestressed elastic
tubefilled with aviscousfluid. Thefluid is assumed to be incompressible and Newtonian, whereas the tube material
is considered to be incompressible, isotropic and elastic. Considering the physiological conditions that the arteries
experience, such atubeisinitially subjected to amean pressure P; and an axial stretch A . If it isassumed that in
the course of blood flow small incremental disturbances are superimposed on thisinitia field, then the governing
equations of this incremental motion are obtained for the fluid and the elastic tube. A harmonic-wave type of
solution is sought for these field equations and the dispersion relation is obtained. Some special cases, as well as
the general case, are discussed and the present formulation is compared with some previous works on the same
subject.
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1. Introduction

Propagation of harmonic waves in an initially stressed (or unstressed) circular cylindrical
tube filled with a viscous (or inviscid) fluid has been a problem of interest since the time of
Thomas Young who first obtained the speed of pulse waves in human arteries. The current
literature on the subject is so rich that it is almost impossible to cite all the contributions
here. The historical evolution of the subject may be found in the books by McDonald [1] and
Fung [2] and in the papers by Lambossy [3] and Skalak [4]. Significant contributions to the
understanding of wave motionsin elastic tubes filled with a viscous fluid have been made by
Witzig [5], Morgan and Kiely [6], Womersley [7], Atabek and Lew [8], Mirsky [9], Atabek
[10] and more recently by Rachev [11] and Kuiken [12]. In all these works, either the effects
of initial stresses have been neglected or taken into account in an ad hoc manner. Moreover,
the elastic coefficients of the incremental stresses have been treated as constants. In essence,
these coefficients are not material constants, but rather are functions of initial deformation.
For a healthy human being, the mean blood pressure is around 100 mm Hg and the axial
stretch of artery is about 1-5. This means that the inner pressure and the axial stretch create
relatively large circumferential and axial stresses. On the other hand, in the course of blood
flow, the pressure deviation exerted by the left ventricle is around 20 mm Hg. Considering
the stiffening properties of soft biological tissues with stress, the dynamical deformation
resulting from this pressure deviation may be assumed to be small compared to the initial
static deformation. Therefore, the theory of small deformations superimposed on largeinitial
static deformation may beutilized in analyzing wave propagationin such acomposite structure.
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In this work, utilizing the mechanical model proposed by Demiray [13], in which the
arterial wall material is assumed to be incompressible, isotropic and elastic, we study the
propagation of harmonic waves in an elastic thin tube filled with an incompressible viscous
fluid. Considering the physiological conditions that the arteries experience first, we obtain
the stress distribution (or stress resultant) under the effect of a uniform inner pressure and a
constant axial stretch. Superimposition of a small, but dynamic displacement field over this
static deformation allows the governing incremental equations of motion for both fluid and
tubeto be obtained when cylindrical polar coordinatesare used. Seeking aharmonic-wavetype
of solution to the field equations of the fluid and tube, and then using appropriate boundary
conditions, we obtain the dispersion relation. Various special cases are discussed and the
results are compared with previous studies on the same subject. Owing to the difficult nature
of theanalysisof the general dispersionrelation, anumerical technique has been employed and
the variations of propagation speed and transmission coefficients with Womersley parameter
and stretch ratios are evaluated. The results are depicted in graphical form.

2. Basic equations

Due to the interaction of blood with its container, the pulsatile motion of the heart leads to
wave phenomenaboth in blood and arteries. The governing field equations and the boundary
conditions should, therefore, include these interactions.

2.1. EQUATIONSFOR A FLUID

Depending on the scale of strain rates, blood behaveslike a Newtonian and/or non-Newtonian
incompressible fluid. In the course of pulsatile flow in arteries, blood is subjected to a large
uniform pressure P; and small velocity and pressure increments are added to thisinitial field.
This incremental behavior of blood may then be treated as an incompressible Newtonian
fluid. For axially symmetric motion, the governing differential equationsin cylindrical polar
coordinates are given by

o, (o n n) on_
or or2  ror r2 022 Pot =
(2.1)
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where p is the mass density, p is the viscosity, p is the incremental pressure, . and w are
incremental velocity components in the radial and axial directions, respectively. The stress
components which we need when applying the boundary conditions are given by

ou ou 0w
Opp = —P+ ZMB_Z’ Orz = [ (8_Z + (9_1:> : (23)
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2.2. EQUATION FOR A SOLID BODY

Thearteria wall material isknown to beincompressible, anisotropic and viscoel astic (see Fung
et al. [2] and Cox [14]). For its simplicity in nonlinear analysis, the arterial wall material shall
be assumed to be incompressible, homogeneous, isotropic and elastic. A set of stress-strain
relations for such a material was proposed previously by Demiray [13] as

t = Pog + Bexpla(l — 3)] By, By = Incki — CkmCmi, (2.4)

where ty; is the stress tensor, P is the hydrostatic pressure to be determined from the field
equationsand the boundary conditions, « and 3 aretwo material coefficientsto be determined
from experimental measurements, I = %Bkk and I, = ¢y, isthefirst invariant of the Finger
deformation tensor ¢, defined by

ck = FrrFik. (2.5

Here Fi = O0x/0X isthe gradient of deformation z;, = z,(Xx) and the summation
convention applies to repeated indices. The stress tensor must satisfy Cauchy’s equations of
equilibrium

teie = 0. (2.6)

Here theindicesfollowing a semi-colon denote the covariant (or contravariant) differentiation
with respect to those indices.

Now let us consider acircular cylindrical thin tube made of such an isotropic, incompress-
ible and elastic material subjected to alarge inner pressure P; and an axial stretch A,. Upon
application of such a symmetrical loading, an axially symmetric deformation field will be
developed in the body. Considering the incompressibility of the material, we may describethe
deformation in cylindrical coordinates by

r=(R?/\, +C)Y2, 0-0, z=2Z\, 2.7)

where C' is an integration constant to be determined from the boundary conditions. The
physical components of the tensor B;; may be given by

AP+ A2 0 0
[B] = 0 A2+ M52 0 :
0 0 Ag 2+ AZA2
T=X0724+ )24+ 203)2, N=r/R (2.8)

Introducing (2.8) into (2.4) and then substituting the result in (2.6) we may give the stress
components satisfying the equilibrium equations by

)\O
0. =8 "F@) 1+ \ad)z 3de, 195 =10 + BF(N)(A3AZ — A;2),
Ao (2.9)
tgz = tgr + BF(AG)()%AE - A;Z)a tr = 0(k 7é 1)a
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Table 1. Pressure-radii relation for an artery

P;(Pa) rix10°(m) rox 10°(m) P;i(Pa) Deviaion

exper. theor.

3,350 0-348 0-401 3,275 -1.7
6,670 0-396 0-445 6,580 -14
10,000 0425 0-473 9,938 —0-6
13340 0442 0-485 13,830 +36
20,000 0467 0-510 19886 —06
26,680 0-485 0-524 25,970 —2-7

Atzerostressr; = 0-31 x 1072 m, ro = 0-38 x 1072m

with
F(h) = expla(A; 2+ A, 2+ X502 - 3)]. (2.10)

From (2.9) the inner pressure is expressed as

A

P=5 "F@)(1+ M)z 3) de, (2.12)

6
where A} and A\J stand for the values of the circumferential stretch ratios on the inner and
outer surfaces of the cylinder, respectively.

Equation (2.11) relates the deformation of the tube to the inner pressure P;. If the inner
pressure-radiusrelation isknown experimentally, by comparing theoretical resultswith exper-
imental measurements we can determine the material constants « and 8 numerically so asto
obtain the best fit between the experiment and the theoretical model

Simon et al. [15] conducted experiments on canine abdominal arteries and measured the
inner pressure-radii relations, listed in Table | for A, = 1-53. Using the least-squares method,
for the best fit of the theoretical model to the experimental measurements, we determine the
valuesof material coefficientsasa = 0-82and 3 = 10-1 x 10° Pa. Employing these numerical
coefficientsin (2.11), we may cal culate the theoretical pressures. These arelisted in the fourth
column of the table. The deviation between experiment and the model is given in the fifth
column of the same table. The result reveal sthat the maximum deviation between theory and
experiment is about 3-6 percent, which seemsto be a fairly good approximation. Therefore,
the constitutive relation given in (2.4) may also be used as afairly good model to describethe
mechanical behavior of arterial wall material.

Having determined the initial static deformation and the associated initial stress 2, upon
this field, we shall now superimpose a small axially symmetric displacement field u(z, ), or,
in component form, u; = u(z,t),u2 = 0,uz = w(z,t), where u and w are the incremental
displacement components in the radial and axial directions, respectively. Let ro be the radial
coordinate of the midsurface of the tube after this finite initial deformation. A materia point
located at (7o, 0, z) on the midsurface will move to a new position (rg + u, 6,z + w) after
superimposition of such a small displacement field. Thus, the position vector of this point
after thisfinal deformation will be

r=[ro+u(zt)]e + [z + w(z t)e;, (2.12)
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Figure 1. Forces acting on a small membrane element.

where (e,, €, e,) are the base vectors in cylindrical polar coordinates. The vector along the
generator of the cylinder transforms into

or a(+)

To=o =u:b +(1tws)e; —-=;. (2.13)
The unit tangent vector is then defined by

In obtaining this expression we assumed the incremental displacements and their gradientsto
be small.
The external unit normal vector n to the deformed midsurface of the tube is given by

N==g xt,=6 —u_e,. (2.15)

Now, let usconsider atube element placed betweentheplanesf = const., #+df# = const., z =
const. and z + dz = const. (Figure 1). The elementary arc lengths ds, and dsy are defined by

ds, = |T,|dz =2 (1+w,)dz

dsg = (ro + u) db. (2.16)
Similarly, the elementary area of this element on the midsurfaceis given as

da = (ro + row . + u) dz db. (2.17)

In order to write the equations of motion of the tube we need to know the total force acting
on this element. Let the external force acting per unit area of the inner surface be represented

by
P =Pt + P,n. (2.18)
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If the membrane forces along the vectorst, and ey are denoted by N, and Ny, then the total
force acting on this element is given by

F— g[Nztz(ro +w)]d8dz — Noey(1+ w,,) dddz
VA

+(Pit, + Pyn)(ro + row , + u) df dz. (2.19)
Equating this force to mass times the accel eration of the element, which is given by
ph(ro + row ; + u) dd dz(u ;€. + w y€;) (2.20)
and dividing both sides of the corresponding equation by (rg + row . + ) df dz, we obtain
(ro + row,; +u) " Nyut, + (ro + u)(Naty) » — (1+w,,) Nye,]
+(Pt, + Pun) = ph(u € + wye,). (2.21)
These equations are still nonlinear, but they can be linearized by the introduction of
N, =N?+3%,, Ny=N§+%, [2./NJ < 1[S/N§| <1,
P,=0+P, P,=P+P, |P/P| <1, (2.22)

where P; istheinitial inner pressure, N;’, N? areinitial stressresultants, ¥y, X2, P, and B, are
the small increments added on theseinitial fields. Introducing (2.22) into (2.21) and keeping
in mind the smallness of the superimposed displacement components and their gradients, we
may obtain the linearized field equations as follows

0%y N9 Yy - 9%

NOZ o 42020 4 P = ph— 2.23
# 022 + 7“8 “ o + P ot?’ ( )
NO— N2\ ou 0%, O%w

z — Vg | U P = pho 2. 2.24

( ro ) 0z + 0z + = ph ot? (2.24)

In obtai ning these equationswe have used the following equilibrium equation, which isknown
as Laplace'slaw,

N§ = roP;. (2.25)

Here P,, P, are to be determined from the reaction of a viscous fluid with the tube wall and
can be expressed as

_ ou _ ou  Ow
P, = (]3 — 2“5) , Pr=—pu (a + E) . (2.26)
T=rQ r=Tro

In order to complete the field equations we must know the constitutive relations for 33, and
33,. We recall the definition of membrane forcesin the final configuration

Ty = h'thy, T =h't! (2.27)

zz)
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where 1’ isthethickness, tj, and t/,, arethetotal circumferential and axial stress components
in the final configuration. The incompressibility of the material requires that

h'(ro + u)(1+ w_) = roh
or
B o=h(1+u/ro) X1 +w,) P = h(l—u/ro—w,). (2.28)

Setting t), = t9, + tpg, t,, = 2, + L., in (2.27) and utilizing the approximation (2.28), we
have

Té = htgg +h Fgg — tga(u/ro + wyz)} = Ng + Xy,
T, = 2, + h e — 12, (ufro+ w, )| = N2+ .. (2.29)

Considering the definitions N = ht9, and N2 = from (2.30), we can write

ZZ'
Yg=h [fgg — 19 (u/ro + wyz)} , Y,=h FZZ — 1% (u/ro + w,z)} . (2.30)

To determine the explicit expressions of 3y and X, we have to know the incremental consti-
tutive equations for ¢, for which we consult to the theory of so-called ‘ small-displacements
superimposed on large initial static deformation’. The derivation of the field equations and
incremental constitutive relations can be found in the books by Green and Zerna [16] and
Eringen and Suhubi [17]. For this particular type of constitutive relations the incremental
stress tensor ¢y referred to the final configuration may be given by

tht = PO + Bexpla(I° — 3)] (eI BY, + Bry), (2.31)
where p is the increment in hydrostatic pressure, I and B}, are defined by

I=2Bjeij, eij = 3(uij+ ),

o 0 0 0 0 0

By = ug p By + upBpi, + 20,0, Cp — 2CkmCri€mn.- (2.32)

Introducing (2.31) into (2.30) we find that the incremental membrane forces are given as
follows

o = higg = h <a11 + 0, gw> S, =his, =h <a21 + 0, gw> . (233)
where the coefficients aw,( i,7 = 1,2) are defined by

a1 = BF () [(NAZ +3%,2) + 200502 = 2,27,

o = BF (M) [(A3AZ + Xg %) +2a(N5A2 = A7) (MGX2 = A, )],

I
ad) = BF(\g) [ 232 4+ A02) 4 20(A2A2 — A; D) (A2A2 — ,\(;2)] ,
[

(A
o = BF () [(A3AZ +3)2) + 20(A5N2 = 227 . (2.34)
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Introducing (2.34) into (2.23) and (2.24), we have

0%u N9 — hal a%h w ou 0%u
NO 0 11 12 < 2 > ou_
Z32+( 2 )" e 0 TP ) L T e =0
NO+ hal, — du o Pw ou  Ow Pw
These and Equations (2.1) are to be solved subject to the boundary conditions
_ ou _ ow
u(ro, z,t) = TS w(ro, z,t) = o (2.36)

3. Solution to field equations

In this section we shall seek a harmonic-wave type of solution to the governing equations
givenin (2.1) and (2.32). For this purpose we set

{p, @, w;u,w} = {P(r),U(r),W(r); A, B} exp[i(wt — kz)], (3.2)

where k is the wave number, w is the angular frequency, P(r),U(r), W (r) are unknown
complex amplitude functions to be determined from the field equations, A and B are two
complex constants representing the wave amplitudes of the tube. Introducing (3.1) into (2.1),
we obtain

dp U 1du U 2 =
_E—{_M(W—{_rdr ) kU)—zpwU—O,
- _
ipap (CW LIV o) e =,
dr2 7 dr
d—U—i-g—sz 0. (3.2
dr

The solution of this set of differential equations may be given by
U = k[CIL1(kr) + DJy(sr)], P = —ipwClo(kr),
W = —i[kClIo(kr) + sDJo(sr)], s> = —k? — ipw/p, (3.3

where C and D are two integration constants, I,,(kr) and J,,(sr) are modified and first-kind
Bessel functions of order n, respectively.

To obtain solutions for the equations of an elastic tube, we introduce (3.1) and (3.3) into
(2.35), which results

N9 — hal ikha?, -
(phwz—Ngkz—i——e 20411>A—i-—Z 2 p
S r0

2k 2k ]
+ [-(2%2 + i) Tolkro) + Iy )} ot {—Jl(sro) 2uksJo(s70)| D = 0, (3.4)
0 To
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ik ((NS + hag — Ny)

) A + (phw? — k?had) B + 2ipk?Iy(kro)C
70

+(2ipk? — pw)Jui(sro)D = 0. (3.5)
The boundary conditions (2.36) take the following form

iwA — KI1(kro)C — kJi(sro)D = 0, (3.6)

wB + kIo(kro)C + sJo(sro)D = 0. (3.7)

Equations(3.4)—(3.6) givefour homogeneousalgebraic relationsbetween A, B, C, D. Inorder
for us to have a non-trivia solution for these coefficients, the determinant of the coefficient
matrix must vanish. Before we write this determinant, we shall first eliminate A and B from
these algebraic equations, i.e.

{

G—an
%

m (92 — 82 + > + 2z'umz] &2f(€)

2
+ (AZQZ + 0‘12;;5 _ 2wngz> } C
/)
+ {

n (‘*;Lzm - ZiVQ)\z> gg} D=0, (3.8)

0

G —an
X5

m (QZ — 5%+ > + Ziuﬂ)\zl £¢9(¢)

{Im(S + az1 — G)E3N;? — 2ivQNE3] £ (€) + m(Q% — ant?)EN, 2O

H{[A 0% = 2ivQN,E2 + m(S + az — G)E2N; % (g

+m(Q% — ant?)(N, 21D =0, (3.9)
where the following non-dimensionalized quantities are introduced
B = pc,w = coQ/ R, N? = BhsS, N{ = ghG
ad = Baj, k = ¢/Ro, s = ¢/ R, 1 = pcoRov
m = pH/(pRo), ~ Ao =ro/Ro,  [f(€) = L1(§Xe)/{ENeI0(ENg)}
9(¢) = J1(Cho) /{CHaJo(CAo)}, C = coC/{Nplo(Me€)}, D = coD/{XgJo(CAo)}. (3.10)

In order for us to have a non-trivial solution for the unknown constants C and D, the
determinant of the coefficient matrix must vanish. If this operation is carried out, the result
will be asfollows

(A162 + A2) Q0 + (A3€? + Aagh) 0P + Ast? + Aet® = 0, (3.11)
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where the coefficients A;(i = 1,2, ..., 6) are defined by

A1 = mXj[m(f — g) + MNA.fgl, A2 = NgA-(m + A AGg),

Az = mAG[m(S + az)(g — f) = AjA-Sfg] + WPNNX(f — g),

Ag = 2wQNGA[m(f — g) + X:AGg(f — 2] + m*(f — 9)(G — o)

+mAA:[f9(G — an) + g(S — G + a1z + az1) — az),
As = m®NjazS(f - g),
Ag = (f — 9)(2iQmIGA-(S — G + a2 + az1 — az2) + mP[anr02 — 1021
+(G — S)az — Gax)). (3.12)

Equation (3.11) givesthe general dispersion relation of two distinct waves propagating in the
medium. In general, both of these waves are dispersive. In blood-flow problems it is well-
known that the Womersley parameter, ap = (2/1)Y/2, satisfies the condition [£[20/Q <« 1
(Kuiken [12] and Bauer et al. [18]) and, hence, we may approximate ¢ by (—i2/v)Y? =
i3/20yy. Therefore, we may neglect the terms with factors €2 and 12022 appearingin (3.12). If
thisis done, the dispersion relation reduces to

(B1€2 + Bo)Q* + (Ba¢? + Ba*)€?Q% + (Bst? + Be)¢* = 0, (3.13)
where the coefficients B;(i = 1,2,. .., 6) are defined by

By =mA[m(f — g) + MA:fgl, B2 = MA.(m + A A5g),

By = mAj[m(S + az)(g — f) = AjA:5fg],

By =m?(f — g)(G — a11) + mMAA:[9f (G — an1) + g(5 — G + a1z + az] — az,

Bs = m*AjazS(f — g),

Bs = m?[an1a0n — agpa + (G — S)az — Gaxl(f — g). (3.14)
It is seen from (3.13) that the cut-off frequencies of these waves vanish. Introducing the non-
dimensionalized phase velocity asc = €2/¢ and decomposing it into real and imaginary parts
as

c=X+1iY, (3.15)
we may express the propagation velocity v and the transmission coefficient y asfollows:

v=Q/Re(¢) = X?>+Y?/X

X = exp[—2r Im(¢) /Re(¢)] = exp(—2rY/X). (3.16)

Then the dispersion relation takes the following form

(B1£2 + Bo)c* + (B3t? + Ba)c® + Bst? + Bg = 0. (3.17)
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Before we study the general dispersion relation, it will beinstructive to examine some special
cases.

3.1. LONG-WAVE LIMIT

For waves propagating in arteries the wavelength is, generally, very large in comparison with
the mean radius of the arteries. Thus we may assumethat |¢| < 1 for which case f(¢) — 3
and the dispersion relation takes the following form

Doc* + D1¢? + Do = 0, (3.18)
where the coefficients D;(i = 0, 1, 2) are defined by

Do = X2\, (m+ N),g), ¢=i"%ay, ao=(Q/v)Y?

Dy =m?(3 — g)(G — an1) + mAGA[39(G — an1) + g(S — G + a2 + az1) — a2,

Dy = m?(3 — g)lanazn — arpap + (G — S)arz — Gaz). (3.19)

In addition, if the frequency is very low, then the function ¢({) aso approaches 1/2 and the
dispersion relation (3.18) reducesto

(m + 322X5)c* + m[(3(G — an)) + 3(S — G + a1z + az1) — az] = 0. (3.20)
Theroots of this equation are given by
(c3)1 =0, (c3)2 =m(G + a1 + dag — 25 — 2012 — 201) /{2(N3\, + 2m)}. (3.21)

Particularly, if the initial deformation vanishes, i.e. S = G = 0,a11 = 4,012 = an =
2,axn =4and \, = 1, \g = 1, (3.21) takes the following form

(¢3)1 =0, (c3)2 = 6m/(1+ 2m) = 6m + O(m?). (3.22)
This shows that at very low frequencies the viscosity does not effect the phase velocity
significantly.

3.2. INVISCID FLUID APPROXIMATION

If the viscosity of the fluid is very small, we may approximateit asinviscid. In this particular
case, we may obtain the dispersion relation from (3.13) and (3.14) by setting ag = (Q/v)Y/2 —
occandg(() — 0, i.e,

NG (mfe® 4+ X,)c* — [mAFF (S + a)é? + Ngh.az + mf(ann — G))c?
—{—mf[;\gazszz + an1a22 — appao + (G — S)ae — Gax] =0. (3.23)

When the viscosity of the fluid vanishes, the wave preserves its dispersive character. In
particular and in addition to this, if the wavelength is very large as compared to the mean
radius, we have from (3.23)

)\Zj\gcﬂ'— [X%)\zazz—i- %m(an—G)]cz+ %m[anazz—alzam-{— (G—S)a]_z —Gazz] = 0.(3.24)
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Furthermore, if the initial deformation vanishes, i.e. a1 = 4,012 = a1 = 2, a2 = 4,5 =
G =0, g = 1, X2 = 1, then the above equation reducesto

& —2(m +2)c? + 6m = 0. (3.25)
Theroots of this quadratic equation are given by

(D12 = (24 m) £ (m? — 2m + 4)Y/2, (3.26)
Since for thin tubes the parameter m is very small (3.26) may be approximated by

& =4+0(m), c=3m+0(m?, (3.27)
or, in terms of the real physical quantities, we have

vi = Bcl/p=4B/p,  v3=pBc5/p=3BH/(2pRo). (3.28)

For an isotropic, incompressible and elastic material the constant 3 is related to Young's
modulus E through 5 = E/3, then the above wave speeds become

vi = 4E/(3p), v3= EH/(2pRo). (3:29)

Of these wave speeds, the first one corresponds to the Lamb and the second to the Young
(Moens-Korteweg) modes, respectively.

4. Numerical analysisand discussion

Having investigated some special cases by analytical means, we can now study the more
general case by anumerical approach. To this end, we need explicit expressionsfor F' and G,
and the numerical values of m and «. For the membrane approximations Ay = A\p = 70/ Ro
and t2, = 0, thus from (2.9) we have

S = (\GAZ — A2 F(Ng), G = (AGA2 = X2 F (M),

z

F(h) =epla(V?+ A2+ MX2—3)], P =G/(Rokg),m = pH/(pRo). (4.1)
From (2.35) the non-dimensionalized coefficients a;; may be given by

om = F(A)[(AGAZ +3357) + 20(AjA2 — A7)

a2 = F(A)[(AAZ + A5%) 4+ 2a(MAZ = A7) (AGAZ — ;%))

az = F(A)[(NAZ +A7%) + 2a(AFAZ = A72) (A2 = ;%))

az = F(Mg)[(A202 + 3)2) + 2a(A3)2 — X[ 2)?] (4.2)
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Figure 2. Variation of primary wave speed with Womersley parameter, inner pressure and axia stretch ratio.
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Figure 3. Variation of secondary wave speed with
Womersley parameter, inner pressure and axial stretch
ratio.
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Figure 4. Variation of transmission coefficient of pri-
mary wave with Womersley parameter, inner pressure
and axial stretch ratio.

Using the experimental results by Simon et al. [15] on canine abdominal arteries, we have
previously determined the value of coefficient o as 0-82. Employing this value of « and
noticing that p/p = 1, we analyzed the dispersion relation numerically for m = 0-05 and the
results are depicted in Figures 2-5. Figure 2 gives the variation of the speed of the primary
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wave (Lamb mode) with Womersley parameter «q, inner pressure and axial stretch ratio.
The numerical evaluation indicates that the wave speed increases with Womersley parame-
ter and inner pressure, but decreases with axial stretch ratio (see also Figure 6). The result
Is consistent with the findings of Erbay et al. [19], who employed a strain-energy density
function applicable to soft biological tissues, but differs from those of Atabek and Lew [8],
Kuiken[12] and Demiray and Ercengiz [20], who utilized the constitutive relations applicable
to engineering materials. The main factor for such a different behavior is that soft biologi-
cal tissuesget stiffer under large deformation, whereasthe engineering materialsget softer with
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Figure 9. Variation of transmission coefficient of secondary wave with inner pressure and axia stretch ratio.

increasing deformation. In other words, because of thethe different inner structure of biological
materials, the tangent modulus increases with inner pressure, while the tangent modulus for
engineering materials decreaseswith deformation. The variation of the speed of the secondary
wave (Young mode) with Womersley parameter «g, inner pressure and the axial stretch ratio
isshown in Figure 3. This figure reveal s that the speed of the secondary wave increases with
Womersley parameter and stretch ratio, but decreases with inner pressure (see also Figure 7).
However, after a certain value of the Womersley parameter, the speed becomesinsensitive to
variations of this parameter. This result again is consistent with the result of [19], but differs
from other works that employed the constitutive relation of engineering materials. As shown
in Figure 4, the transmission coefficient of the primary wave first decreases very rapidly
with Womersley parameter and then increases steadily with this parameter. This coefficient
increases with inner pressure, but decreases with the axial stretch ratio (see also Figure 8).
Finally, the variation of the transmission coefficient of the secondary wave is depicted in
Figure 5. This coefficient first decreases very rapidly with Womersley parameter and then
starts to increases with both the same parameter and the inner radius, but decreases with axial
stretch ratio (see also Figure 9).

In conclusion, by employing the large deformation analysis and the theory of ‘small
deformations superimposed on large initial static deformations’ for an elastic thin cylindrical
shell and the linearized equations of a viscous fluid, the propagation of harmonic waves
in two such interacting media is studied and the dependence of propagation velocities and
transmission coefficients on the initial deformation, material and geometrical characteristics
is obtained. This nonlinear theory makes it possible to trace the variation of propagation
characteristicswith changesin blood pressure, the mechanical properties and the geometrical
characteristics of the arterial wall material. Such observations can be used in the diagnosis of
some circulatory mulfunctionings.
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In studying this problem, we have employed the linearized equations of thin shells, which
are valid for H/Rp < 0-1. However, even for large arteries, this ratio changes between
1/6 ~ 1/4 and, hence, the thin-shell theories cannot be applied in the case of arterial
mechanics. Thus, for a better understanding of wave propagation in arteries, the present
formulation should be extended to thick-shell theories. As a final remark, we should point
out that the analysis of nonlinear field equations for the tube and the fluid will be another
interesting subject for future study.

Acknowledgement

Thiswork ispartially supported by the Turkish Academy of Sciencesand TUBITAK, Mechan-
ics and Applied Mathematics Research Unit.

References

1. D.A.McDonald, Blood Flow in Arteries, Baltimore: Williams and Wilkins (1966) pp. 496.
2. Y.C. Fung, Biodynamics. Circulation. New York: Springer Verlag (1984) pp. 404.
3. P.Lambossy, Apercu et historique sur |e probleéme de la propagation des ondes dans un liquide compressible
enfermé dans un tube & astique. Helv. Physiol. Acta 9 (1951) 145-161.
4. R. Skalak, Wave propagation in blood flow. In: Biomechanics Symposium, Y. C. Fung (ed.), pp. 2046,
ASME, New York (1966).
5. K. Witzig, Uber erzwungene Wellenbewegungen Zaher, inkompressibler Flissigkeiten in el astischen Rohren.
Inaugural Dissertation, University of Bern (1914).
6. G.W. Morgan and J.P. Kiely, Wave propagation in a viscous liquid contained in a flexible tube. J. Acoust.
Soc. Am. 26 (1954) 323-328.
7. JR.Womersley, Oscillatory motion of aviscousliquidinathinwalled elastic tube. |: Thelinear approximation
for long waves. Phil. Mag. 46 (1955) 199-219.
8. H.B.Atabek and H.S. Lew, Wave propagation through aviscousincompressible fluid contained in an initially
stressed elastic tube. Biophysical J. 6 (1966) 481-503.
9. . Mirsky, Wave propagation in aviscous fluid contained in an orthotropic elastic tube. Biophysical J. 7 (1967)
165-186.
10. H.B. Atabek, Wave propagation through aviscous fluid contained in atethered, initially stressed orthotropic
elastic tube. Biophysical J. 8 (1968) 626-649.
11. A.l. Rachev, Effect of transmural and muscular activity on pulse waves in arteries. J. Biomech. Engng 102
(980) 119-123.
12. G.D.C. Kuiken, Wave propagation in a thin walled liquid-filled initially stressed tube. J. Fluid Mech. 141
(1984) 289-308.
13. H. Demiray, Stressesin ventricular wall. J. Appl. Mech., Trans. ASVIE 98 (1976) 194-197.
14. R.H. Cox, Anisotropic properties of the canine carotid artery in vitro. J. Biomechanics 8 (1975) 293-300.
15. B.R. Simon, A.S. Kobayashi, D.E. Strandness and C.A. Wiederhielm, Re-evaluation of arterial constitutive
laws. Circul. Res. 30 (1952) 491-500.
16. A.E. Greenand W. Zerna, Theoretical Elasticity. Oxford: Clarendon Press (1968) pp. 457.
17. A.C. Eringen and E.S. Suhubi, Elastodynamics, Vol.l. New York: Academic Press (1974) pp. 341.
18. H.F. Bauer, S.T. Metten and J. Seikmann, Dynamical behavior of distensible fluid lines carrying a pul sating
incompressible liquid. ZAMM 60 (1980) 221-234.
19. H.A. Erbay, S. Erbay and H. Demiray, Effect of prestress on pulse waves in arteries. ZAMM 67 (1987)
473-485.
20. H. Demiray and A. Ercengiz, Wave propagation in a prestressed elastic tube filled with a viscous fluid. Int.
J. Engng. ci 29 (1991) 575-585.

Aancnt N0 +av: 2°?¢€¢2@71 11711007 12- N1 v E+- nmn 12



